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Gray box models combine the short development time of data-driven black box mod-
els with extrapolation properties of knowledge-driven first principles models (white box),
which in (bio)chemical engineering are always based on macroscopic balances. By
modeling the inaccurately known terms in a macroscopic balance with a black box
model, one naturally obtains a so-called serial gray box model configuration. The identi-
fication data must cover only the input-output 3pace of the inaccurately known terms,
and the accurately known terms can be used for reliable extrapolation. In this way, the
serial gray box configuration results in accurate models with known extrapolation prop-
erties with a limited experimental effort. This strategy is demonstrated for the modeling
and control of a pressure vessel using real-time experiments. For this case, the strategy is
superior to a black box modeling approach that requires much more data and to a
parallel gray box approach that results in a model with poor extrapolation properties.
Moreover, neural networks are an accurate and convenient modeling tool for the black
part in gray box model configurations, because a very fast noniterative training algo-
rithm is used for training neural networks.

Introduction

Neural networks as black box modeling tools have already
been used for many applications in industry, business, and
science (Widrow et al., 1994). The ability of neural networks
to approximate any continuous function to any desired accu-
racy (Cybenko, 1989) has been the basis for many of these
applications. The main advantage of the use of black box
modeling techniques like neural networks is that, within a
reasonable amount of time, one can obtain a highly accurate
mathematical model! of a system without detailed knowledge
of the system. However, black box approaches are mainly data
driven and the resulting models are not believed to have any
extrapolation properties. Therefore, data used for identifica-
tion should cover the whole domain of interest in order to
avoid the dangers of extrapolation when using the model. For
complex systems with multiple inputs and outputs, this can
result in the need for an enormous amount of experimental
data. When these data are not available from prior data ac-
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quisition, the effort and time required to obtain these data is
a serious bottleneck for the application of black box model-
ing techniques. Especially for chemical and biochemical pro-
cesses, it can be very time and money consuming to obtain
the necessary data.

In white box modeling approaches, the model development
is mainly driven by knowledge of the relevant mechanisms
and by so-called first principles (macroscopic balances, ther-
modynamics, and so on). The resulting first principles models
are intended to be more or less generally applicable and to
have good extrapolation properties. The necessary knowledge
for a specific system is usually not directly available. There-
fore, most effort in the white box modeling approach is de-
voted to revealing all relevant mechanisms and quantifying
these mechanisms correctly. This usually requires an exten-
sive research program (including experiments), which can also
be very time- and money-consuming. Here a compromise must
be made in order to save time and money. Therefore, the
first principles models that are used in practice often have a
limited accuracy for one specific process, because for practi-
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cal reasons minor mechanisms are neglected and only the
major mechanisms are taken into account.

Given these considerations, arriving at a combination of a
black and white box modeling approach, that is, a so-called
gray box modeling approach is the challenge. More specifi-
cally, such a gray box modeling approach must lead to a short
development time for accurate models with good interpola-
tion and extrapolation properties. Two types of extrapolation
should be distinguished here. In the first type of extrapola-
tion a variable is applied outside the range, in which it was
varied during identification. This will be called range extrapo-
lation. In the second type of extrapolation the model is ap-
plied outside the dimension of the identification data, mean-
ing that during the use of the model a variable is changed
that was kept constant during identification. This will be
called dimensional extrapolation. The objective of this article
is to show a strategy to develop accurate gray box models
using as little data as possible, while maintaining especially
the dimensional extrapolation properties.

A gray box approach can be defined as a suitable combina-
tion of a black and a white box approach, but at this moment
little is known about what is suitable and what is not. Thomp-
son and Kramer (1994) made a systematic inventory of differ-
ent ways of how prior knowledge and neural networks can be
combined for modeling chemical processes. This prior knowl-
edge can be used for the selection of appropriate inputs, the
a-priori determination of the networks architecture
(Mavrovouniotis and Chang, 1992), the definition of con-
straints during training (Joerding and Meador, 1991), and for
development of first principles models. In this article two gray
box model configurations are elaborated where a neural net-
work is combined with a first principles model. The first gray
box model configuration is the so-called parallel configura-
tion: the neural network is placed parallel with a first princi-
ples model. The neural network is in fact an error model,
which should model the difference between a first principles
model and reality. This configuration was used by Su et al.
(1992) in a simulation example. Cote et al. (1995) demon-
strated the parallel approach on real-time data of a wastewa-
ter treatment plant. Both cases showed improved interpola-
tion in the range of the identification data, but the extrapola-
tion properties of the parallel gray box models were not stud-
ied. The second gray box model configuration is the so-called
serial configuration: the neural network is placed in series
with a first principles model. Psichogios and Ungar (1992)
demonstrated the serial configuration in simulation. Thomp-
son and Kramer (1994) used a combination of the serial and
parallel configuration in a simulation example. Schubert et
al. (1994) combined the serial model configuration with a
fuzzy expert system to model a real-time fed-batch baker’s
yeast production. In these three cases, the used model con-
figurations showed better interpolation and range extrapola-
tion properties than pure black box neural network models;
however, the dimensional extrapolation properties were not
studied.

In order to fully benefit from the gray box configurations
(short development time with a limited amount of identifica-
tion data for accurate models with reliable extrapolation
properties), it is important to be able to relate a-priori the
application domain of the model to the required domain for
the identification data. Only then it is possible to define a-
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priori the minimum domain for the identification data to ob-
tain a model with a predefined application domain. Although
range extrapolation was shown in the articles of Psichogios
and Ungar (1992), Thompson and Kramer (1994), and Schu-
bert et al. (1994), the extrapolation properties of their model
configurations was not studied extensively and the dimen-
sional extrapolation properties were not studied at all.
Therefore, it is still not possible to relate a-priori the applica-
tion domain of the model to the required domain for the
identification data. The purpose of this article is to show that
by focusing on dimensional extrapolation it is very possible to
relate the application domain of the model to the required
domain for the identification data. As a result, the identified
models can be extrapolated reliably outside the domain of
the limited set of identification data. Furthermore, the iden-
tification of the neural network part still remains an impor-
tant issue. A fast, simple procedure for the identification of
neural networks can stimulate the application of neural net-
works in gray box model configurations. In addition, experi-
ence using gray box models in a real-time situation is still
limited.

In this article a serial gray box strategy is presented based
on the application of neural networks in macroscopic bal-
ances resulting in accurate models with reliable extrapolation
propetties using only a limited data set for identification. The
strategy is demonstrated on the modeling and control of a
pressure vessel, for which real-time results are presented. An
elaborate procedure is used to test the performance of the
candidate model with respect to its interpolation and dimen-
sional extrapolation properties. In addition, the candidate
model is tested for its ability to function well in a model based
predictive controller (MBPC). The candidate model is com-
pared with pure black box neural network models and with a
serial gray box model containing a polynomial, with respect
to its interpolation and dimensional extrapolation properties.

In order to clarify the origin of the improved dimensional
extrapolation of the obtained serial gray box model, it is also
compared with a parallel gray box model.

Finally, all neural network structures are identified using
the fast noniterative training algorithm developed by te
Braake and Van Straten (1995). This way it was possible to
train and test many possible neural network configurations
within minutes, so that the identification of the neural net-
work structures was less cumbersome than in a situation
where iterative training algorithms like back propagation
would be involved. Combined with the general function ap-
proximation properties of neural networks, this algorithm
makes the use of neural networks a very practical modeling
tool for the black box part in gray box mode! configurations.

Serial Gray Box Modeling Strategy Based on
Macroscopic Balance

The serial gray box modeling strategy can almost naturally
be combined with the general structure of first principles dy-
namic models in (bio)chemical processes, which are always
based on macroscopic balances, e.g., mass, energy, or mo-
mentum balances. These balances themselves are correct, but
some terms in the balance might be known with a higher level
of accuracy than others. For example, terms associated with
convective and diffusive transport are usually more accu-
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Figure 1. Experimental setup.

rately known than terms associated with transport between
phases, kinetic terms related to (bio)chemical conversions, or
friction losses in momentum balances. If these inaccurately
known terms of the macroscopic balances are modeled by a
neural network, one quite naturally obtains the so-called se-
rial gray box model configuration.

In this article it will be shown that in such a configuration
the identification data only have to cover the input-output
space of the inaccurately known terms instead of covering the
whole input-output space of the complete system. As a result,
one obtains an accurate model with reliable dimensional ex-
trapolation properties, without the need for many identifica-
tion experiments and without the need to develop a rigorous
first principles model where many more mechanisms would
have to be taken into account. The performance of the model
outside the domain of the identification data is reliable and
can be understood, as long as the extrapolation relies only on
the accurately known terms in the macroscopic balance (di-
mensional extrapolation).

Test Case

The presented test case refers to the modeling and control
of a pressure vessel, operating at 30°C. The overall experi-
mental setup is presented in Figure 1. At the bottom of the
vessel, air was blown in. The specified flow rate was kept at
the required value by local mass-flow controllers, and the
valve position in the outlet could be manipulated directly.
The nonlinear steady-state characteristic of the system is dis-
played in Figure 2. The 0.040 m> vessel was filled with 0.025
m? of water resulting in a head space of 0.015 m>. When the
system was operated in a single-input single-output (SISO)
mode, the gas-flow rate was kept constant at 3.75¢-4 m%/s
and only the valve position was manipulated. When the sys-
tem was operated in a multi-input single-output (MISO)
mode, both the gas-flow rate and the valve position were ma-
nipulated. In both cases the pressure was the only measured
output variable. The pressure was measured by a Jumo 4-
AP2-40 pressure sensor. In order to reduce system and mea-
surement noise, the pressure signal was always averaged over
a period of 0.25 s, while the sample interval was 5 s. All
equipment was attached to a Personal Computer with a 486-
50 MHz processor via DA/AD converters. All software was
custom made in order to allow maximum flexibility.

The model to be developed had to predict the pressure of
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Figure 2. Nonlinear steady-state characteristic of the
system.

the above mentioned dynamic system, when both the valve
position and the gas-flow rate could change. Furthermore,
the model was implemented in a MBPC structure for pres-
sure control. In Van Can et al. (1995a) a complete black box
neural network model was already developed for this situa-
tion. In that case, the input space of the gas-flow rate and
valve position was covered by 750 identification data pairs in
order to avoid extrapolation during the use of the model. In
this article, only 300 data pairs that were generated by only a
varying valve position and constant gas-flow rate (SISO mode)
were used for the identification of a serial gray box model for
the specified purpose (MISO mode).

Model Test and Comparison Procedure

Before the results are presented and discussed in detail,
the test and comparison procedure of candidate models fol-
lowed in this article will be outlined (Figure 3). In Figure 3
two lines of approach can be recognized: one associated with
model testing and one associated with model comparison. In
the vertical direction of Figure 3 one can see that the differ-
ent models are tested for their interpolation and dimensional
extrapolation properties, and that finally the best model is
tested for its ability to function well in MBPC. The interpola-
tion was performed on a data set from the SISO mode con-
taining only a varying valve position as single input and the
pressure as single output. The dimensional extrapolation test
was performed on a data set from the MISO mode contain-
ing a varying valve position and a varying gas-flow rate as
multiple inputs, and the pressure as single output. In the con-
troller test, both the valve position and the gas-flow rate could
change (MISO mode). In addition, the model was challenged
to deal with a head space volume that was three times smaller
than the head space volume during identification, so that the
model was also tested for its dimensional extrapolation prop-
erties in that region.

In the horizontal direction of Figure 3, one can see that
the performance of three gray box models is compared: a
serial gray box model containing a neural network; a serial
gray box model containing a polynomial; and a parallel gray
box model containing a neural network. These three gray box
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Figure 3. Modeling and test procedure.

models are based on the same first principles model, which
typically has a limited accuracy. The idea behind the serial
gray box model containing a neural network was explained
earlier in the section on serial gray box modeling strategy. As
an alternative for a neural network part, a polynomial is also
considered in the gray box configuration. The parallel gray
box model is considered in order to understand the origin of
the extrapolation properties of gray box models. Properly
identified black box neural network models served as a refer-
ence in the interpolation test (SISO black box neural net-
work) and extrapolation test (MISO black box neural net-
work model).

The three gray box models and the SISO black box neural
network reference model were all identified with the same
300 data pairs generated with a varying valve position and
constant gas-flow rate (SISO mode). The MISO black box
model was identified with 750 data pairs generated with a
varying valve position and a varying gas-flow rate (MISO
mode).

The performance of the three gray box models was com-
pared in a test for interpolation and a test for dimensional
extrapolation. In the interpolation test, the models were con-
fronted with a test set containing data that were not used for
the calculation of the model parameters, and that were gen-
erated by only a varying valve position and a constant gas-flow
rate (SISO mode). The performance of the models was tested
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by using the models to recursively predict the pressure over
the whole horizon of the test set, given only the initial pres-
sure [ y(0)] and the input signal [u(k)]. This test will be called
the SISO-free run test and was a part of the identification
procedure as will be explained in the section on identifica-
tion. The free run test procedure was used, because in this
test small errors can accumulate to larger errors, so differ-
ences between candidate models will be clearer. As men-
tioned before, a proper black box neural network model for
the SISO mode served as a reference point.

In the extrapolation test the three gray box models identi-
fied in the SISO mode were confronted with a test set con-
taining data that were not used for the calculation of the
model parameters, and that were generated by a varying valve
position as well as by a varying gas-flow rate (MISO mode).
Again, the performance of the models was tested in recursive
mode. This test will be called the MISO free run test. Obvi-
ously, in the MISO free run test the three gray box models
were tested for dimensional extrapolation because of the in-
clusion of a varying gas-flow rate. A complete black box neu-
ral network model, identified using data with a varying valve
position and a varying gas-flow rate (MISO mode) (Van Can
et al., 1995a), served as a reference point in the dimensional
extrapolation test for the three gray box models.

Finally, the gray box configuration that had the best per-
formance in the dimensional extrapolation test was used in a
MBPC structure. In the controller the model was tested for
its ability to guide the system in MISO mode stepwise from
one steady state to another steady state. Although the data
used for identification and for the free run test were very
dynamic, the typical dynamics of a stepwise setpoint change
in a controller situation were not explicitly present in these
data. In addition, the head space volume of the pressure ves-
sel was reduced with a factor three in order to test the serial
gray box model in the controller even more for its dimen-
sional extrapolation properties. The MBPC controller was
tuned without severely constraining the change of the manip-
ulated variables, so that the closed-loop stability of the con-
troller was very dependent on the accuracy of the selected
serial gray box model.

Controller

Within the MBPC scheme, the model is used to calculate
the effects of possible future control signals. The predictions
supplied by the model are passed to a numerical optimization
routine, which attempts to minimize a specific performance
criterion in the calculation of the suitable control signals. The
control signal is chosen to minimize a performance criterion
(J) of the form (Hunt et al., 1992)
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N; refers to the number of inputs, N, to the number of out-
puts, H, to the prediction horizon, and H, to the control
horizon. The As are the control weights and y,, is the refer-

AIChE Journal



model |
I cohtroller
\ y H
S \‘ ll
—F —1 opt - process >
model
F

Figure 4. Total scheme of MBPC.

Optimization routine {opt.) is part of the controller.

ence signal for output i. The output of the process and the
control signal can be subjected to constraints. Usually, the
prediction horizon is larger than one, but only the first of the
calculated control signals is implemented. The difference be-
tween the predicted output and the measured output is fed
back to the reference signal in order to avoid offset due to
model errors or disturbances. The MBPC structure is pre-
sented in Figure 4. For more details about MBPC, refer to
Garcia et al. (1989). The controller that was used as a final
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test for the best gray box model was a multistep ahead pre-
dictive controller with H,=35, H, =2, and A=1.0e-5 (gas-
flow rate in L/min and the pressure in bar). The maximum
allowed change of the valve position in one sample period
was 10%. The maximum allowed change of the gas-flow rate
in one sample period was 5.0e-5 m>/s. Further details about
the application of MBPC to the MISO mode of the system
under consideration can be found in Van Can et al. (1995a).

Results Model Identification
Introduction

The identification data were obtained by changing the valve
position according to a predefined wave signal, as can be seen
in Figure 5a (input signal) and the Figure 5b (resulting mea-
sured output). This resulted in 300 data points for identifica-
tion. In this article only feedforward artificial neural net-
works are considered. In all cases the valve position (u,(k))
and the actual pressure [ y(k)] served as inputs for the neural
network. The identification procedure for neural networks is
described in detail by Van Can et al. (1995b). A fast nonitera-
tive training algorithm described in Appendix A was used to
calculate the parameters of all neural networks. The SISO
free run test served as a cross validation test to determine the
number of hidden nodes.

First principles model

For the system under consideration the relevant macro-
scopic balance could directly be written down, as can be found
in Appendix B. Using Euler’s approximation the resulting
equation is given by

RT
y(k+1)=y(k)+ At —39.7
Vh

y(k)
A uy (k) - v/ Klu(k), y(k)]-In " )
0
where

y= pressure, Pa

R = gas constant, J/mol/K

T'= temperature, K
¥, = head space of the vessel, m°

u, = valve position, %
u, = incoming air flow, m*/s
po= atmospheric pressure, Pa

K= lumped friction coefficient of the outlet, m/s
At=sample interval, s

2

The future pressure y(k +1) is predicted on the basis of
the actual pressure y(k) and two inputs [valve position u,(k)
and gas flow rate u,(k)]. Possible inaccuracies in the model
predictions of y(k +1) are caused by the parameter K, which
is associated with the friction in the outlet. The friction will
depend on the valve position and on the velocity of the gas in
the outlet pipe. This velocity will depend on the difference
between the pressure inside the vessel and the atmospheric
pressure. Therefore, the friction parameter K(k) is consid-
ered to be a function of the valve position [u,(k)] and the
actual pressure { y(k}]. Here the compromise is made for the
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Figure 6. Different model configurations.

(a) First principles model, containing a linear correlation for
K(k); (b) black box neural network reference model for the
SISO mode; (c) serial gray box model, containing a polyno-
mial for K(k); (d) serial gray box model, containing a neural
network for K(k); (e) parallel gray box model, based on the
first principles model and a neural network error model; (f)
black box neural network reference model for the MISO
mode.

first principles model, meaning that the mechanisms associ-
ated with the friction in the outlet are not fully taken into
account. For the first principles model a simple linear equa-
tion was used to approximate K(k):

K(k)=a, u(k)+a, y(k)+a, 3

The parameters a could be calculated by least-squares esti-
mation, using the data from Figure 5. It is accepted that, due
to this simple linear correlation for K(k), this first principles
model (Figure 6a) has a limited accuracy, because this is typi-
cal for first principles models used in practice. It is especially
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Figure 7. Selection of the number of hidden nodes for

the black box neural network reference model
(Figure 6b).

the purpose of this article to see which gray box configura-
tion leads to efficient improvement of the accuracy of such a
first principles model.

SISO black box neural network reference model

In the SISO free run test the performance of a properly
identified black box neural network model for the SISO mode
was used as a reference for the interpolation properties of
the three gray box models. For this neural network the valve
position [1,(k)] and the actual pressure [y(k)] were used as
inputs to predict the future pressure [ y(k + 1)]. No additional
delay terms such as [u,(k —1), y(k —1)] for the input of the
neural network were considered, because this was also not
done for the other model configurations. The model configu-
ration of the SISO black box neural network reference model
is given in Figure 6b. Due to the speed of the used training
algorithm (Appendix A), it was no problem to calculate the
parameters of many possible neural networks. Thirty neural
networks configurations varying in the number of hidden
nodes from 1 to 30 could be calculated within 5-10 min on a
PC486-66 MHz. All these candidate black box neural net-
work models were tested for their performance in the SISO-
free run test. In Figure 7 it can be seen that a neural network
with ten neurons in the hidden layer had the smallest sum of
squared errors (SSE). Therefore, the performance of this
black box neural network model was chosen to serve as a
reference for the performance of the gray box models in the
SISO-free run test.

Serial gray box models

In the two serial gray box model configurations a polyno-
mial and a neural network were used to approximate the fric-
tion factor K(k) as a function of the valve position [u,(k)]
and the actual pressure y(k). The parameter K(k) used for
the identification of the parameters of the functions K(k)=
fluy(k),y(k)] could be calculated from the identification data
(Figure 5) using Eq. 2. The obtained K(k) values, shown in
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Figure 8, were calculated from the original identification data
shown in Figure Sb.

First of all, a polynomial model is used to approximate
K(k). The resulting serial gray box model configuration is
given in Figure 6¢c. The polynomial function had the follow-
ing structure.

K(k)=ay+a; y(k)+ay-u (k) + as-u (k) - y(k)

+agu (k) y(kY+as y(k)  (4)

The parameters a could be calculated by least squares. This
structure for the polynomial was determined by using the
SISO free run test as a cross validation test. This is compara-
ble with the way the number of hidden nodes of the neural
network was determined. Polynomials in ascending order of
model complexity were used in the serial configuration and
tested in the SISO free run test. In contrast to a neural net-
work, not all possible additional terms are the same, when a
more complex polynomial is considered. Therefore, the order
in which the terms are considered could matter. To cope with
this, Eq. 3 was taken as a first model for the polynomial.
After that, higher-order terms were considered one by one,
starting with second-order terms, followed by third-order
terms, and so on. Within possible terms of a certain order,
the term that had the highest correlation with the output was
considered first. The term was added to the polynomial, when
the SSE in the SISO free run test was smaller than the small-
est SSE (of the best model) until that moment. In Table 1 the
result of this procedure is displayed. It can be seen all
fourth-order terms were rejected; so, no higher-order terms
were considered.

Secondly, a feedforward neural network model was consid-
ered for the approximation of K(k). In Figure 6d the result-
ing serial gray box model configuration is displayed. The in-
puts and outputs for the neural network were directly avail-
able (Figure 8), so existing training algorithms could be ap-
plied straightforwardly. Neural networks varying in number
of hidden nodes from 1 to 30 were trained using the fast
noniterative algorithm described in Appendix A. All these
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Table 1. Procedure of Selecting Terms in Polynomial (Eq. 4)
of the Serial Gray Box Model (Figure 6¢c)

Term SSE Accepted
u (k) + y(k)+1 1.00 yes
u,(k)? 1.03 no
u(k)* y(k) 0.34 yes
y(k)? 0.50 no
u,(k)® 1.54 no
u(k)? * y(k) 1.37 no
u,(k)* y(k)? 032 yes
y(k)? 0.22 yes
u (k) 2.09 no
u (k) * y(k) 2.14 no
uy(k)? * y(k)? 0.78 no
u (k) y(k)? 2.39 no
y(k)? 1.06e4 no

SSE values relative to first one.

configurations were used in the serial configuration and tested
for their performance in the SISO free run test. A neural
network with 10 hidden nodes was chosen. In Figure 9 it can
be seen that only a neural network with 19 neurons in the
hidden layer had a slightly smaller SSE. This neural network
was not chosen because 36 additional parameters were
needed to obtain this small improvement.

Parallel gray box model

In the parallel gray box configuration a neural network was
used to model the difference between the measured pressure
y(k +1) and the pressure estimated by the first principles
model yg,(k +1). The first principles model consisted of the
macroscopic balance (Eq. 2) and the linear equation for K(k)
(Eq. 3). In Figure 6e the resulting parallel gray box model
configuration is displayed. The valve position u,(k)) and the
pressure (y(k)) were chosen as inputs for the neural network,
because the gas-flow rate (3.75e-4 m*/s) and head space vol-
ume (0.015 m>) were constant during the identification. For
training, the output of the neural network could be calcu-
lated by subtracting the first principles model prediction

2
10

~
S
~

SSE on test set (1e8 Pa”2)

5 10 I5 20 25
Number of hidden nodes (-)

Figure 9. Selection of the number of hidden nodes for
the neural network in the serial configuration
(Figure 6d).
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Figure 10. Error(k) values for the identification of the

neural network in the parallel configuration
(Figure 6e).

(using Egs. 2 and 3) from the measured pressure (Figure 5b).
This way the inputs and outputs of the neural network were
directly available and existing training algorithms could be
applied straightforwardly. In Figure 10 the signal for identifi-
cation of the neural network part in the parallel configura-
tion is displayed.

Neural networks varying in number of hidden nodes from 1
to 30 were trained using the training algorithm explained in
Appendix A. All trained neural networks were used in the
parallel configuration and tested for their performance in the
SISO free run test. In Figure 11 it can be seen that a neural
network with 21 neurons in the hidden layer had the smallest
SSE in the SISO free run test. Therefore, this neural network
was chosen as part of the parallel gray box model.

MISO black box neural network reference model

In order to have a proper reference for the dimensional
extrapolation properties of the gray box models in the MISO
free run test, a black box neural network was used that was
especially identified for the MISO mode. It is obvious that
the SISO black box neural network reference model could
not be used for this purpose, because it was identified at con-
stant gas flow rate while in the MISO mode the gas-flow rate
was varied. Therefore, the MISO black box neural network
reference model was identified with a data set generated with
a varying valve position and a varying gas-flow rate (MISO
mode). Details about the identification of this neural network
for the MISO mode can be found in Van Can et al. (1995a).
The MISO black box neural network model configuration is
displayed in Figure 6f. It is again stressed that the gray box
models were identified with only 300 data points containing
only a varying valve position and constant gas flow rate (SISO
mode) and that the MISO black box reference model is iden-
tified with 750 data points containing a varying valve position
and a varying gas-flow rate (MISO mode). This means that
the MISO black box neural network reference model is inter-
polating in the MISO free run test, but that the gray box
models are indeed extrapolating in the MISO-free run test.
Therefore, the performance of the MISO black box neural
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Figure 11. Selection of the number of hidden nodes for

the neural network in the parallel configura-
tion (Figure 6e).

network model is considered to be a reference that should be
met as close as possible by the candidate gray box models.

Results Model Comparison
SISO free run test (interpolation)

In the SISO free run test the models were tested for their
interpolation properties, because the gas-flow rate was kept
constant at the value that was used for generating the identi-
fication data (3.75¢-4 m>/s). The input signal and the mea-
sured output signal for the SISO free run test are given in
Figure 12. The SISO free run test was part of the identifica-
tion procedure for the different models, as explained above.
The SSE values for the SISO free run test of the models are
given in Table 2. The SSE values are relative to the SSE for
the SISO black box neural network reference model (SSE =
1). As expected, the first principles model had the worst per-
formance. It was already mentioned that this is accepted and
that the main point is to see how the gray box models can
improve the performance of the first principles model.
Therefore, the performance of the SISO black box neural
network reference model (Figure 6b) and the performances
of the three gray box models (Figures 6¢, 6d and 6e) are dis-
played and compared in Figure 13, in which the predicted
values are plotted against the measured values. Kell and
Sonnleitner (1995) recently suggested that this is a good way
to evaluate the performance of a model. In addition, in Fig-
ure 14 the predicted time series for the serial gray box model
containing a neural network (Figure 6d) and for the SISO
black box neural network reference model (Figure 6b) are
compared with the measured pressure time series for the
SISO free run test. It is stressed that the predicted values in
the free run test (Figures 13 and 14) were obtained by recur-
sive prediction. From Table 2 and Figure 13, it can be con-
cluded that the differences between the different models are
not great in this interpolation test. The performance of the
serial configuration containing a polynomial model (Figure
6¢) deviated the most from the performance of the SISO black
box neural network reference model (Figure 6b). Its SSE in
the SISO free run test is twice as big as the SSE of serial
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Figure 12. Data used for the SISO free run test.

(a) Input signal; (b) resulting measured output signal.

model containing the neural network model (Figure 6d). The
performance of the parallel model (Figure 6¢) was compara-
ble very much with the performance of the SISO black box
neural network reference model (Figure 6b).

MISO-free run test (dimensional extrapolation)

The performance of the models in the MISO free run test
indicates the ability of the models to extrapolate to a situa-
tion in which the gas-flow rate deviated from the value ap-
plied during model identification (3.75e-4 m>/s). The input
signal and measured output signal for the MISO free run test
are displayed in Figure 15. The gas-flow rate reached values
between 0.5e-4 m*/s and 5.0e-4 m>/s, while for identification
of the gray box models (Figures 6c, 6d and 6e) the gas-flow
rate was constant at 3.75e-4 m%/s. In Table 2 the SSE values
for the MISO free run test are given. The SSE values are
relative to the SSE value of the MISO black box neural net-
work reference model that was identified especially for the
MISO mode (Figure 6f). In Figure 16 the predicted values
are plotted against the measured values for the three gray
models (Figures 6c, 6d and 6¢) and the MISO black box neu-
ral network reference model (Figure 6f). In addition, in Fig-
ure 17 the predicted time series for the serial gray box model
containing a neural network (Figure 6d) and for the MISO
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Figure 13. Performance of the different models in the
SISO free run test (R2=correlation coeffi-
cient).

(a) SISO black box neural network reference model (Fig-
ure 6b). R% = 0.999; (b) serial gray box model with polyno-
mial (Figure 6c). R? = 0.994; (c) serial gray box model with
neural network (Figure 6d). R2=0.999; (d) parallel gray
box model (Figure 6e). RZ = 0.997.

black box neural network reference model (Figure 6f) are
compared with the measured pressure time series for the
MISO free run test, for which only the last part is displayed.
The performance of the serial configuration containing a
neural network model for the friction factor (Figure 6d) was
closest to the performance of the MISO black box neural
network reference model that was especially identified for

2 L N
- = measured pressure
—_ -.-. =SISONN
& 1.81-- =serial+NN
v
(5]
T 1.67
>
-
2 141
g
=9
1.21
1 : . .
0 200 400 600
Time (s)

Figure 14. Measured pressure time series of the
SISO-free run test vs. predicted time series
of the serial gray box model containing a
neural network (Figure 6d) and SISO black
box neural network reference model (Figure
6b).
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Table 2. Performance of Different Models in Free Run

SSE** in MISO Free
Run Test
(Dimensional
Extrapolation)

SSE** in SISO Free
Run Test

Model Figure 6 (Interpolation)

First principles (a) 19.3 15.6
model (Eq. 2 +

Eq. 3)

SISO black box (b) 1 -

neural network
reference model

Serial gray box (c) 4.15 8.02
(Eq.2 +

polynomial)

Serial gray box (d) 1.79 1.85

(Eq. 2 + neural
network)

Parallel gray box  (e) 1.17 31.8
(Eq.2 + Eq.3 +
neural network)
MISQO black box

neural network
reference model

® - I*

*From Van Can et al. (1995a).
**Given numbers are SSE values relative to SSE for the reference
models.

the MISO mode (Figure 6f). It is again stressed that this se-
rial gray box model (Figure 6d) was identified with only 300
data points, containing only a varying valve position and con-
stant gas-flow rate (SISO mode) and that the MISO black
box neural network reference model (Figure 6f) was identi-
fied with 750 data points containing a varying valve position
and a varying gas-flow rate (MISO mode). The SSE of the
serial configuration containing a polynomial model (Figure
6¢) was 4.3 times bigger than the SSE of the serial configura-
tion containing a neural network model (Figure 6d). In Fig-
ure 16d it can be seen that the ability of the parallel model
(Figure 6c¢) for dimensional extrapolation to the MISO mode
is very limited.

Controller test

In the controller test the best model is tested for its ability
to guide the system in MISO mode stepwise from one steady
state to another steady state. In Table 2, it is seen that the
gray box models performed more or less equally well with
respect to interpolation and that the serial configuration con-
taining the neural network model (Figure 6d) had the best
performance of the gray box models with respect to dimen-
sional extrapolation to the MISO mode. Therefore, this model
was used in a MBPC for controlling the system in the MISO
mode. In Figure 18 the resulting MISO controller behavior
can be seen. The controller was very capable of changing the
pressure from 1.2e5. Pa to 1.8e5 Pa and back, using both the
valve position and the gas-flow rate as manipulated variables.
In order to underline the advantage of the serial gray box
approach for this specific application, a disturbance was de-
liberately added. The vessel was filled with 0.035 m® water
instead of the 0.025 m> that was used during identification,
resulting in a threefold reduction of the head space of the
vessel from 0.015 m® to 0.005 m>. This meant that the pres-
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Figure 15. Data used for the MISO free run test.

(a) Input signal; (b) resulting measured output signal.

sure changed much faster due to possible controller actions.
When this disturbance was accounted for in the serial gray
box model (the head space V), was changed to 0.005 m® in
Eq. 2), this resulted in an acceptable performance of the con-
troller, as seen in Figure 19. When this disturbance was not
accounted for in the model (the head space V), was not
changed to 0.005 m* in Eq. 2), this resulted in a highly unsta-
ble controller, as seen in Figure 20. This stresses the advan-
tage of a first principles part in the serial gray box model.
Although one would still like to improve the controller be-
havior (e.g., by a different tuning), the fact remains that the
improvement in controller behavior in an extrapolated region
is only possible because an adequate first principles model is
part of the serial gray box model. If a MISO black box neural
network model was used in the controller, this would not have
been possible, because in a black box neural network there is
no way to account for the changed head space.

Discussion

In the gray box serial configuration a polynomial and a
neural network were used to describe the friction factor K(k)
as a function of the valve position [¢,(k)] and the actual pres-
sure [ y(k)). In the presented case the serial configuration with
the neural network had a better performance, as can be seen
in Table 2, and by comparing Figures 16b (polynomial) and
16¢ (neural network). It is pointed out again here that the
parameters of the neural network were calculated by a very
fast noniterative algorithm. It was found that the effort in-
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Figure 16. Performance of the different models in the
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{a) MISO black box neural network reference model (Fig-
ure 6f). R? = 0.993; (b) serial gray box model with polyno-
mial (Figure 6¢). R% = 0.962; (c) serial gray box model with
neural network (Figure 6d). R? = 0.987; (d) parallel gray
box model (Figure 6e). R? = 0.838.

volved in calculating the parameters of a given neural net-
work model is comparable very much with the effort involved
in calculation of the parameters of a given polynomial model.
In this respect, there is no advantage of one approach over
the other. In determining the number of hidden nodes and
determining the terms of the polynomial model, there is a

].8 - =measuredpressure
- -.-. = MISO NN
& 16|~ =serial+NN -
Z
D] L
5 14
S
A 1.2 r

1 . . .
2200 2400 2600 2800 3000
Time (s)

Figure 17. Measured pressure time series of the
MISO-free run test vs. predicted time series
of the serial gray box model contalning a
neural network (Figure 6d) and MISO black
box neural network reference model (Figure
6f).
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Figure 18. Performance of the controller for the MISO
mode.

Controller is based on the serial gray box model with neu-
ral network (Figure 6d). Head space not changed. (a) Con-
trolled variable; (b) manipulated variables.

difference. Evaluating models in ascending order of complex-
ity is trivial for neural networks, because each time there is
only one possible additional term (a hidden node). For a
polynomial model this is not trivial, because each time a new
term is considered, there is more than one possible addi-
tional term. Especially, when the order of the polynomial is
high and when there are many inputs, this complicates the
selection of the appropriate terms in the polynomial. This
was already pointed out by Warnes et al. (1996).

The computational speed of the fast noniterative training
algorithm for neural networks was essential in the procedure
to select the number of hidden nodes. This made it possible
to calculate the parameters of many possible configurations,
varying in number of hidden nodes, within a reasonable
amount of time (5-10 min). Given the right number of hid-
den nodes, other training algorithms like back propagation
might also give acceptable results, but the time involved in
calculating the parameters of various configurations makes
the use of iterative algorithms like back propagation less at-
tractive. The used procedure to select the number of hidden
nodes is heuristic and does not provide a way beyond any
doubt to select the best number of hidden nodes. However, it
proved to be a convenient procedure to select a good candi-
date model. From the presented case, it can, of course, not
be concluded that neural networks outperform polynomial
models in all cases, but the presented approach for neural
networks is very easy to use. Combined with the general
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Figure 19. Performance of the controller for the MISO
mode.

Controller is based on the serial gray box model with neu-
ral network (Figure 6d). Changed head space accounted
for in the first principles model. (a) Controlled variable;
(b) manipulated variables.

function approximation properties of neural networks, this
makes neural networks a very practical modeling tool for the
black box part in a gray box model configuration.

From Table 2 it is seen that the two serial gray box models
had much better dimensional extrapolation properties than
the parallel gray box model. The difference in performance
between the serial and parallel gray box configurations can
be understood by looking more closely at the way knowledge
is incorporated in the two configurations. The serial and par-
allel configuration were both based on the same first princi-
ples model. In the serial configuration the weak point of the
model [friction factor K(k)] is recognized as a parametric un-
certainty, and the configuration specifically aims at dealing
with that problem by modeling K(k) with a neural network.
However, in the parallel configuration the knowledge of this
weak point of the first principles model is not exploited: the
modeling of the error should meet structural as well as para-
metric uncertainties. Therefore, for the case of the pressure
vessel the serial configuration is more suitable, because the
model uncertainty can indeed be recognized as a parametric
uncertainty.

For the presented case, the parailel configuration showed
no advantage over the black box neural network. Su et al.
(1992) and Cote et al. (1995) did report improved model pre-
dictions of the parallel configuration as compared to the black
box configuration. Both cases were concerned with improved
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Figure 20. Performance of the controller for the MISO
mode.

Controller is based on the serial gray box model with neu-
ral network (Figure 6d). Changed head space not ac-
counted for in the first principles model. (a) Controlled
variable; (b) manipulated variables.

interpolation in the identification data. At this moment, no
example of improved extrapolation using the parallel configu-
ration is known. For the more general case, the parallel con-
figuration might be more fit to improve interpolation be-
tween scarce identification data than providing extrapolation
properties outside the domain of the identification data. The
performance of the parallel configuration depends very much
on the information content of the signal that is used to calcu-
late the parameters of the neural network. This signal should
contain all information, preferable to provide predictive
power outside the domain of the identification data. Su et al.
{1992) already recognized the key importance of the informa-
tion content of the error signal when using the parallel con-
figuration. In our case the error signal was more than just
noise, because for the SISO mode the parallel gray box model
was indeed an improvement compared to the first principles
model. However, no reasonable prediction is achieved when
the model has to perform dimensional extrapolation to the
MISO mode (MISO-free run test). This is probably the main
drawback of the parallel gray box configuration: there is no
strategy for the choice of identification experiments that will
yield a training signal with a sufficiently high information
content for the identification of the neural network part, es-
pecially when extrapolation properties are required.

In our case the serial gray box configuration was success-
ful, even showing reliable predictions far outside the region
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of the identification data (MISO free run test and controller
test). Of course, the correctness of the structure of the first
principles model is of key importance, because all model in-
accuracies are expected to be parametric. The question for
the more general case is whether or not suitable first princi-
ples models are available. It was already argued that the se-
rial configuration can be combined very well with the concept
of macroscopic balances in (bio)chemical processes. In the
macroscopic balance the different terms (such as incoming
flows, outgoing flows, and transport between phases and con-
version) are combined in a linear way. The inaccurate known
terms, which can have a nonlinear relation between the in-
puts and output like conversion kinetics and friction factors,
can be modeled by a neural network. The accurately known
terms like convective and diffusive transport can be used di-
rectly. The identification data must only cover the input-out-
put space of the neural network part instead of the input-
output space of the complete system.

The presented case is a good example for this approach.
The used momentum macroscopic balance contained two
terms. The term associated with the outgoing air flow was not
known accurately due to the friction parameter K, which de-
pended in a nonlinear way on the valve position and the pres-
sure inside the vessel. Therefore, this parameter was mod-
eled by a neural network. The limited set of identification
data covered the input-output space of the parameter K(k)
sufficiently so that no extrapolation on K(k) was needed
when the model was used in the different tests. The term
associated with the ingoing air flow was known accurately,
because it was a directly manipulated and measured variable.
This term could therefore be varied (dimensional extrapola-
tion) when the model was used in the MISO free run test and
in the controller test, while it was kept constant during iden-
tification. Moreover, the effect of the head space was incor-
porated in the first principles model, so that the serial gray
box models could also be extrapolated in that dimension when
the model was used in the controller test. Therefore, based
on the structure of the serial gray box model and the avail-
able data, one can understand the performance of the model
outside the domain of the identification data, because the
dimensional extrapolation relies only on the accurately known
terms in the macroscopic balance.

In our case it was possible to calculate the parameter K(k)
from the original measured identification data. This way the
input [y(k) and u (k)] and output [ K(k)] at every time in-
stant k were directly available for training the neural net-
work part. Confronted with given identification data, this will
not always be possible, especially when more than one inac-
curately known term in a macroscopic balance has to be
modeled by a black box model. However, if identification ex-
periments can be chosen freely, it is generally possible to de-
sign experiments in such a way that the mechanisms associ-
ated with the inaccurately known terms are dominantly pre-
sent in the experiments. Therefore, in contrast to the parallel
configuration, the serial configuration does provide a strategy
for the design of identification experiments that will yield a
training signal with a sufficiently high information content for
the identification of the selected neural network part.

Conclusions
In this article a serial gray box modeling strategy was ap-
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plied successfully for dynamic modeling and control of a
real-time pressure vessel. In this strategy a neural network
was used to model the inaccurately known term of a macro-
scopic balance, and the identification data covered only the
input-output space of the inaccurately known term. For the
presented case, the successful performance of the model far
outside the domain of the identification data could be under-
stood, because the needed dimensional extrapolation relied
only on the accurately known terms in the macroscopic bal-
ance. It is argued that the proposed strategy can be applied
for a wide range of (bio)chemical processes, because in
(bio)chemical engineering dynamic models can always be
based on macroscopic balances and often information is
available to choose the inaccurate terms.

The number of hidden nodes of the neural network could
be determined easily and quickly, because a noniterative
training algorithm was used. Combined with the general
function approximation properties of neural networks, this
makes neural networks a very practical modeling tool for the
black box part in a gray box model configuration.
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Appendix A: Noniterative Training Algorithm
Feedforward neural network

In this article only three layer feedforward neural networks
are considered. The first layer is the input layer. This layer is
in fact a layer without neurons; it only directs the input to
every neuron in the next layer, which is called the hidden
layer. This hidden layer contains neurons with a nonlinear
activation function. The last layer is the output layer, which is
built like the hidden layer, but using a linear activation func-
tion.

Every input of a neuron in the hidden layer is multiplied
with an activation weight Wlf‘ These multiplied inputs are
added together with a bias input. This is expressed by

N,
zj (k)= ¥ Wi-x,(k)+bf (A1)

i=1
The output of the neuron of the hidden layer is then given by

b, (k) = f(z;(k)) (A2)

The output of the complete neural network is given by

Ny
yik) =) Wy7-v,(k)+bf (A3)

j=1

Subscript j denotes the jth neuron in the hidden layer, sub-
script i denotes the ith input, and / denotes the /th output.
Index k denotes the kth event. N, is the number of events,
N; the number of inputs, and N, the number of outputs. N,
is the number of neurons in the hidden layer. The weights
le’ are called the activation weights and the weights W}/ the
output weights. The activation bias is denoted as b” and the
output bias as b°. The function f(.) is the activation function.
This function can be any sigmoidal or Gaussian function. In
this article the tanh-function is considered.

The input vectors and the bias vector can be grouped into
a matrix X, with one row for each event and one column for
each output (including a column with ones expressing the bi-
ases)
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X (k) = [x,(k) X, () oy (R 1]

X =[X(D)..X(k)..X(N)" (Ad)
Similarly, the output vectors can be grouped into a matrix Y

Y(k) =1y (k)..y,(k)...yy (k)]

Y=[Y(D)..Y(K)..Y(N)I" (A5)
Then the neural net can be expressed concisely as
Z=X-W"[N,X N,]
V=f(Z) [N,XN,]
Y=V,-W°[N,xN,] (A6)

With input matrix XeRM>IN*1l and the output matrix
YeRNe*No Matrix Z and V contain intermediate results. Ma-
trix V,eRNe*NE+D js equal to VeR™M ™M except that one
column with ones is added to express the output bias 5°. The
activation weights are grouped together in a matrix
WheRINITUXNE - and the output weights in a matrix
WDER[Nh+ l]x'No‘

The training problem is split into two subproblems which
each can be solved optimally: the estimation of W and the
estimation of W". This does not mean that the total estima-
tion problem is solved optimally. The original idea of the
training algorithm is described in te Braake and Van Straten
(1995). A more thorough treatment of the method can be
found in te Braake et al. (1995).

Estimation of W°

To obtain W¢, first assume that the weights W" are al-
ready known, and therefore V, is known as well. Suppose
that the true output can be modeled by

Y=VW°+e (A7)

The vector e denotes the modeling error. A parameter esti-
mation remains which is linear in the parameters. By mini-
mizing the sum of squared modeling errors, the well-known
least-squares estimation of W° becomes (Ljung, 1987)

we =[VIv,) VY (A8)

The matrix ¥,JV, must be nonsingular, otherwise [V,J V]!
would not exist. This implies that V, must have rank N, +1.

Estimation of W"

The estimation of the activation weights W"* is based on
the assumption that a nonlinear function can be approxi-
mated by a sequence of linear functions based on a linear
least-squares estimation of the parameters of the linear part.
The parameters in these equations then can be used as the
elements of W*. Thus, each neuron is assigned to a specific
subset of the complete data set and the network is built by
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sequentially assigning a neuron to each subset. The number
of neurons is the same as the number of subsets under con-
sideration.

Suppose a feedforward neural network has to fit a certain
(static) function y = f(x). Then, a data set & can be created
with measured input/output pairs, or

xl(O) xN,-(l) Y(l)
o= x (0 0w ) |=1x  ¥] a9
x(N,) v (N) y(N,)

The index k denotes the kth event. By partitioning the ma-
trix ® into N, subsets, it is possible to construct a linear
model for each subset ®”. In this article the data pairs were
divided straightforwardly over the neurons: the first subset
®! consists of the first N,/N,, rows of ®, and so on. The
linear model is then given by

Y, = X,W! + b (A10)
The weights W and b can be calculated with ordinary least
squares

wh -1
"l=(x"X") X"y" (A1D)

bh

The matrix X" is supplied with an extra column filled with
ones, needed to express the biases b2. Y" is a scaled matrix
in Eq. All.

Every linear function describes the mapping between input
and output for that particular subset n. After calculating N,
linear models, the matrix W" is built like

Wlh th —— Who W}\l;h

n

b{’ L LTS bl)‘l/;.

n

Wh= €R(N;+1)XN,‘

(A12)

It should be noted that the output of each linear submodel is
transformed by the sigmoid function in the neuron and that
the output weights W° determine the final output of the neu-
ral network. Therefore, after the calculation of W* all data
X (Eq. A4) and Y (Eq. A5) are used for the calculation of the
output weights W° (Eq. A8).

Internal scaling of @

If the matrix Y is not scaled before it is used in Eq. All,
there is a possibility that the resulting elements of Z (Eq.
AS6) are so small that the sigmoid function is only operating
in the linear range. Alternatively, it is possible that the result-
ing elements of Z are so large that the function always oper-
ates near saturation. In both cases the matrix V,/V;, is (close
to) singular and W° cannot be calculated (Eq. A8). There-
fore, matrix Y is scaled before it is used in Eq. All in order
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to avoid a badly conditioned [V,7 ¥, ] matrix in Eq. AS8. In this
article the Y matrix in & is scaled according to

Yscaled = y— (Yunscaled - Ymin) + B (A13)

max ~ Ymin

with y .. and y_ . being the maximum and the minimum
value of Y. Y, is a vector of the same size as Y and filled
with y_.. values. In our case a =1 and B = —0.5. This means
that Y in @ was scaled between —0.5 and 0.5 for the calcula-
tion of W*. 1t should be noted that the W* parameters of a
neuron are calculated with only a subset of the X (and Y)
data, but that all X data (Eq. A4) are used for the calculation
of the elements of Z and V' (Eq. A6) before W is calculated
(Eq. A8). Consequently, the V" data (used for the calculation
of W?) are not automatically scaled the same way as Y (used
for the calculation of W*). For example, in the neural net-
work of the serial gray box model (N, =10 and N, = 300),
450 elements (15%) of the 3,000 V elements were outside the
scaled range of ¥ (—0.5 and 0.5), so that the nonlinear part
of the activation function was indeed used. The scaling pa-
rameters (o and B) are properly chosen if the matrix V7V,
is nonsingular. The scaling parameters (« and ) can be ad-
justed in order to optimize the training result, but this was
not done in this article. A more thorough treatment of this
matter can be found in te Braake et al. (1996).

Appendix B: First Principles Model

The first principles model is based on the ideal gas law
pV=nR-T (B1)

where p is pressure (Pa), ¥ is volume (m>), n is number of
gas molecules per volume (mol/m?), R is gas constant
(J/mol/K), and T is temperature (K).

The pressure change in the vessel results from the differ-
ence in the number of incoming and outgoing gas molecules

dp RT dn

d V, dt

b _RT ) (B2)
Et_ = Vh n ¢in ¢’out

where V;, is head space of the vessel (m?), ¢,, is incoming air
flow (m>4), and ¢,,, is outgoing air flow (m*/s).

The incoming air flow is a manipulated variable and is
therefore known. The outgoing air flow is given by

Pour = AU (B3)

where A is cross-sectional area of the outlet gas pipe (m?),
and v is velocity of outgoing gas (m/s).

The velocity of the outgoing air flow can be calculated from
Bernoulli’s equation (Bird et al., 1960)
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1 pdp 1 L
A=v2+gAh+ | —+W+L-v?—f
2 '/;70 P 2 Rh
1
+Z—2—02eu=0 (B4)

where g is gravitation constant (m/s?), & is height (m), p is
density of gas (kg/m3), L is length of the pipe (m), R, is
hydraulic radius (m), f is friction loss factor due to wall fric-
tion, and e, is friction loss factor due to obstacles, e.g. valve.

For the system under consideration Eq. B4 can be simpli-
fied to

d 1
f”—p+—u2ev=0 (B5)
po P 2
where
p
p=—pg (B6)
Do

and p, is atmospheric pressure (Pa), and p, is density of the
air at p = p, (kg/m>).
This differential Eq. B5 can be solved, resulting in

p= 220 1n(£) (B7)
Po€, Do

A combination of Egs. B2, B3, and B7 results in

T A?
— 397 bn—1/ 22 | & (B8)
Vi Po€y Po

P _
dt

The term (py, A*)/A pye,) can be replaced by an overall un-
known parameter K, which is related to the friction. The fi-
nal model is thus given by

dp RT
—£=——39.7(¢m— K-ln(—p—)) (B9)
Do

In the article the pressure p will be noted by y (system out-
put) and the incoming gas-flow rate ¢, will be denoted by
u, (system input).
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